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We analyze greying of the dark soliton in a Bose-
Einstein condensate in the limit of weak interaction be-
tween atoms. The condensate initially prepared in the
excited dark soliton state is loosing atoms because of
spontaneous quantum depletion. These atoms are de-
pleted from the soliton state into single particle states
with nonzero density in the notch of the soliton. As a
result the image of the soliton is losing contrast. This
quantum depletion mechanism is efficient even at zero
temperature when a thermal cloud is absent.
I. INTRODUCTION
Since the experimental creation of atomic Bose-
Einstein condensates (BEC) [1], BEC is a subject of
intensive experimental and theoretical research. The
Gross-Pitaevskii equation (GPE) [2] is commonly used to
describe with remarkable precision the ground state prop-
erties and the dynamics of BEC. The GPE assumes that
all atoms are in the same single particle wave-function.
In this sense it is a time-dependent mean field equation.
This equation is not an accurate description of the ground
state in optical lattices. The experiment in the optical
lattice trap [3] demonstrates substantial squeezing of the
atomic ground state. As predicted in Ref. [4], squeezing
of the atomic state can also be achieved with a continu-
ous phase contrast imaging of a condensate. The imaging
is a non-destructive weak measurement of the density of
atoms which makes the phase of the condensate wave-
function ill defined. In this paper we ask a simple ques-
tion: is the GPE an accurate description of a collectively
excited condensate in a standard harmonic trap?
The recent experiment by the Hannover group [5]
strongly suggests a negative answer. In Ref. [5] exper-
imental results are carefully compared with simulations
of the GPE. The observed greying of the dark soliton is
not consistent with the GPE. In this paper we analyze
the problem in a weak particle interaction limit. The
analysis allows us to relate greying of the dark soliton to
a quantum depletion of atoms from the soliton state into
single particle states with nonzero density in the soli-
ton notch. This mechanism does not require any help
from external agents like e.g. collisions with atoms from
the thermal cloud [6]. The quantum depletion is present
even at zero temperature. The condensate prepared in
the excited dark soliton state has an intrinsic instability.
Atoms coherently evolve away from the soliton conden-
sate without help from any external dissipation.
II. GROSS-PITAEVSKII EQUATION (GPE)
N bosonic atoms with repulsive s-wave two-body in-
teractions in a trap potential V (x) are described by the
N -body Schro¨dinger equation
i
∂
∂t
Ψ =
N∑
k=1
[
−1
2
∇2k + V (xk)
]
Ψ+ a
N∑
k 6=l
δ(xk − xl) Ψ . (1)
Here Ψ(t,x1, . . . ,xN) is a symmetric N -body wave-
function. We use a dimensionless form of the Schro¨dinger
equation. When N atoms are condensed in a single par-
ticle state Φ(t,x) i.e.
Ψ(t,x1, . . . ,xN ) =
N∏
k=1
Φ(t,xk) , (2)
then evolution of Φ(t,x) can be described by the GPE
[2]
i
∂
∂t
Φ =
[
−1
2
∇2 + V (x) + g Φ∗Φ
]
Φ (3)
with g ≡ (N − 1)a. The derivation of Eq.(3) from
Eqs.(1,2) assumes that the evolving state of N atoms
remains in the subspace of product states (2). In this
paper we show that this assumption is not satisfied for
excited states of the GPE. Product states (2) are not
eigenstates of exchange interactions which are neglected
in the derivation of the GPE.
A. Symmetries of the GPE
GPE has symmetries similar to those of the one-body
Schro¨dinger equation. For example, in one dimension an
(anti-)symmetric Φ(t, x), Φ(t,−x) = (−)Φ(t, x), remains
(anti-)symmetric in the course of the time evolution. In
particular, a static dark soliton [7]
Φ(x) ∼ tanh(αx) (4)
in a symmetric trap remains antisymmetric and the den-
sity of atoms n(x) = N |Φ(x)|2 has a zero at x = 0. An
antisymmetric dark soliton preserves its empty notch ac-
cording to GPE.
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III. THREE MODE APPROXIMATION FOR
SMALL G
We assume an effectively one dimensional cigar-shaped
harmonic trap i.e. one with ω⊥ ≫ ωx when the transver-
sal motion of atoms is frozen in the transversal ground
state. The remaining x-dimension has the harmonic po-
tential V (x) = ω2xx
2/2. For small g we may truncate the
single particle Hilbert space to the three lowest energy
states (we choose oscillator units where ωx = 1)
u0(x) =
e−x
2/2
pi1/4
,
u1(x) = x
21/2e−x
2/2
pi1/4
,
u2(x) =
(
x2 − 1
2
)
21/2e−x
2/2
pi1/4
. (5)
u0 and u2 are symmetric and u1 is antisymmetric. The
(symmetric) ground state of the GPE is
Φ0(x) = A u0(x) + (1 −A2)1/2 u2(x) , (6)
with A ∈ [0, 1]. A = 1 for g = 0 and decreases with
increasing g. The admixture of u2(x) for nonzero g is the
closest that we can get to the Thomas-Fermi limit in our
3-mode approximation valid for small g.
The antisymmetric excited state of the GPE
Φsol(x) = u1(x) (7)
is a (small g) 3-mode analog of the dark soliton in Eq.(4).
To study quantum evolution we will use the second
quantized Hamiltonian
Hˆ =
∫
dx
[
1
2
∂xΦˆ
†∂xΦˆ + V (x)Φˆ
†Φˆ +
ax
2
Φˆ†Φˆ†ΦˆΦˆ
]
.
(8)
In the 3-mode approximation Φˆ(x) = aˆ0u0(x)+aˆ1u1(x)+
aˆ2u2(x), where aˆi are usual bosonic annihilation opera-
tors, and the Hamiltonian becomes
Hˆ3 =
1
2
aˆ†0aˆ0 +
3
2
aˆ†1aˆ1 +
5
2
aˆ†2aˆ2 +
+ I0000aˆ
†
0aˆ
†
0aˆ0aˆ0 + I1111aˆ
†
1aˆ
†
1aˆ1aˆ1 + I2222aˆ
†
2aˆ
†
2aˆ2aˆ2 +
+ I0011
[
4aˆ†0aˆ
†
1aˆ0aˆ1 +
(
aˆ†0aˆ
†
0aˆ1aˆ1 + h.c.
)]
+
+ I0022
[
4aˆ†0aˆ
†
2aˆ0aˆ2 +
(
aˆ†0aˆ
†
0aˆ2aˆ2 + h.c.
)]
+
+ I1122
[
4aˆ†1aˆ
†
2aˆ1aˆ2 +
(
aˆ†2aˆ
†
2aˆ1aˆ1 + h.c.
)]
+
+ I0112
[
4aˆ†0aˆ
†
1aˆ1aˆ2 + 2aˆ
†
0aˆ
†
2aˆ1aˆ1 + h.c.
]
+
+ I0002
[
2aˆ†0aˆ
†
0aˆ0aˆ2 + h.c.
]
+
+ I0222
[
2aˆ†0aˆ
†
2aˆ2aˆ2 + h.c.
]
(9)
with integrals defined by
Iabcd =
ax
2
∫ +∞
−∞
dx ua(x)ub(x)uc(x)ud(x) . (10)
IV. DEPLETION OF THE GROUND STATE
For noninteracting (g = 0) particle case modes (5) con-
stitute exact eigenstates of the system. If ax 6= 0 there
are various couplings between modes. The truncation
of the Hilbert space to 3-modes only is a valid approxi-
mation if the interaction energy per atom does not shift
significantly energy of an atom, i.e. (N − 1)I0000 < ωx.
That allows us to employ values of g = (N − 1)ax up to
10.
We have diagonalized Hˆ3 for N ≤ 50 and for 0 ≤
(N − 1)ax ≤ 5 in the Fock basis
|N0, N1, N2〉 = (aˆ
†
0)
N0(aˆ†1)
N1(aˆ†2)
N2
√
N0!N1!N2!
|0〉 (11)
with N0 +N1 +N2 = N . We find that, except for (N −
1)ax = 0, the N -body ground state |GS〉 is not exactly
a product state like in Eqs.(6,2). The second quantized
version of that product state is
|A〉 =
[
Aaˆ†0 + (1−A2)1/2aˆ†2
]N
√
N !
|0〉 ≡ (aˆ
†
A)
N
√
N !
|0〉 . (12)
We find the product state which is the closest to the
ground state |GS〉 with the help of the number of
atoms in a given product state |A〉 defined by NA =
〈GS|aˆ†AaˆA|GS〉. The optimal product state |A〉 mini-
mizes the fraction of atoms depleted from the condensate
DGS = Min
(
1 − NA
N
)
. (13)
The dependence of DGS on the interaction strength g =
(N − 1)ax is shown in Fig.1. We find that A decreases
with increasing (N − 1)ax (the condensate is transferred
to the mode u2) and DGS increases with (N − 1)ax (in-
creasing fraction of atoms is depleted from the conden-
sate). As expected, see e.g. Ref. [8], for the ground state
of the system, the depletion is a small effect.
V. DEPLETION FROM THE FIRST EXCITED
STATE
According to GPE the dark soliton in our 3-mode ap-
proximation is the state (7,2), or in the second quantized
language
|0, N, 0〉. (14)
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The state |0, N, 0〉 is a stationary state of the GPE but
it is not an eigenstate of Hˆ3. The quantum Hamilto-
nian is allowed to mix antisymmetric modes with sym-
metric ones provided the symmetry with respect to the
parity operation in the full N -particle Hilbert space is
preserved. Various terms in Hˆ3, like e.g. aˆ
†
0aˆ
†
2aˆ1aˆ1,
aˆ†2aˆ
†
2aˆ1aˆ1, or aˆ
†
0aˆ
†
0aˆ1aˆ1, are mixing the antisymmetric
mode 1 with symmetric modes 0 and 2. In more phys-
ical terms, the vertex aˆ†0aˆ
†
2aˆ1aˆ1 describes a collision of
two atoms in the antisymmetric soliton mode 1 and their
transfer into two symmetric modes 0 and 2. The term
aˆ†2aˆ
†
2aˆ1aˆ1 is again a collision of two atoms in the mode 1
but this time both atoms are transferred to the symmet-
ric mode 2. A similar vertex aˆ†0aˆ
†
0aˆ1aˆ1 transfers pairs of
atoms from the mode 1 to the symmetric mode 0.
A. Degenerate subspace
Among these processes the most efficient is
aˆ†0aˆ
†
2aˆ1aˆ1 + h.c., (15)
because such a transfer preserves single particle energy.
For ax = 0, the solitonic state |0, N, 0〉 belongs to a de-
generate subspace spanned by vectors
|i, N − 2i, i〉. (16)
When ax 6= 0, the process (15) couples these states
among each other. Due to the degeneracy, an arbitrary
small ax is enough to mix |0, N, 0〉 with other states from
the subspace. Even for ax → 0 all eigenstates of Hˆ3 in
the subspace have nonzero depletion — even a very week
interaction between atoms induces a significant depletion
of the soliton. For the system in the ground state there is
no similar process connecting degenerate states and the
depletion in the ground state is very small.
We have calculated the depletion of the eigenstates,
|φ〉, of Hˆ3 from the soliton wave-function
DS = 1− NS
N
, (17)
where NS = 〈φ|aˆ†1aˆ1|φ〉, for N = 30. In Fig.2 we show
the depletion of the eigenstate which has the smallest
DS as a function of (N − 1)ax. When (N − 1)ax → 0,
the depletion does not tend to zero. This is because of
the degeneracy of the subspace the soliton state belongs
to for ax = 0. Indeed, the |0, N, 0〉 state is not a limit
of any eigenstates of Hˆ3 when ax decreases. Such an
effect is obviously possible for a harmonic potential only.
For other traps, strong mixing of the soliton with the
|i, N−2i, i〉 states begins at finite ax. The insert of Fig.2
compares the density profiles of the GPE state |0, 30, 0〉
and of the least depleted Hˆ3-eigenstate. The eigenstate
has a substantial nonzero density at x = 0.
B. Evolution from zero depletion state
In contrast to the GPE, in the full quantum evolution
there is no symmetry constraint to keep the notch of the
initial soliton empty. As |0, N, 0〉 is not an eigenstate of
Hˆ3, the state of the system |ψ(t)〉 prepared in the dark
soliton state, |ψ(0)〉 = |0, N, 0〉, evolves away from this
state. As a result of depletion the notch of the dark
soliton is filling up and the soliton is greying. In Fig.3
we show the contrast C(t) as a function of time. The
contrast is defined by
C(t) =
nmax(t)− n(t, x = 0)
nmax(t) + n(t, x = 0)
, (18)
where nmax(t) is the maximal value of the density n(t, x)
at time t. The insert of Fig.3 shows the density n(x) of
the state (initially prepared as the dark soliton) at dif-
ferent moments of time. Due to the depletion the notch
of the dark soliton is filling up. Imporantly, depletion of
the soliton reaches much greater value than the deple-
tion of the corresponding least depleted eigenstate of the
system.
The time-scale on which the soliton contrast decays
can be estimated from below by NI0000: the interaction
energy of atoms in the ground mode u0. I0000 ≥ Iabcd so
the interaction energy per atom in the N -atom ground
state can be used as an upper estimate for the deple-
tion time from the soliton condensate. Employing this
crude approximation to the experimental situation [5]
(i.e. N = 1.5 · 105 atoms of 87Rb in the trap with
ω⊥ = 2pi × 425Hz and ωx = 2pi × 14Hz) we get for
the minimal depletion time tmin = 2pi/Ω = 0.6ms. The
interaction energy per atom, Ω = 11.2 kHz, has been es-
timated employing the Thomas-Fermi approximation for
a condensate wave-function. The minimal time tmin, is
about 15 times shorter than the observed experimentally
greying time, i.e. ∼ 10 ms [5]. We emphasize that this
result is meant to give a scale on which the evolution of
a soliton is affected by quantum depletion rather than a
quantitative prediction for the experiment. More accu-
rate estimate for the Thomas-Fermi limit of large g would
have to include a large number of even and odd modes.
In particular it would have to take into account depop-
ulation of even modes by two-particle scattering to odd
modes. Such calculations could in principle be done in
the spirit of the formalism of Ref. [10]. However, in Ref.
[11] two of us present large g calculations in the frame-
work of the Bogoliubov theory. They predict that a dark
soliton will loose contrast after around 10 ms.
VI. CONCLUSION
We have analyzed quantum depletion of the solitonic
solution of the GPE for weak interaction between atoms
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[small g, see Eq. (3)]. We have shown that a condensate
prepared initially in the soliton state loses its contrast
according to the quantum multiparticle time evolution.
Our 3-mode model is a suggestive example that the GPE
cannot be used to describe large collective excitations of
the condensate. The model is a proper description of the
problem for a weak interaction between atoms only but it
ilustrates essential processes responsible for the depletion
of the solitonic wave-function.
It was suggested in Ref. [6,5] that the deviations from
GPE can be possibly explained by dissipation due to col-
lisions of the condensate with the thermal cloud of non-
condensed atoms. There is no doubt that dissipation
influences dynamics of the soliton in that experiment.
However, our analysis implies that a dark soliton may
grey even in the absence of any thermal cloud. The notch
may fill up with atoms quantum depleted from a conden-
sate.
Our analysis of the greying of the dark soliton may con-
vey a wrong impression that a vortex in BEC [9] should
also grey as a result of quantum depletion. Solitons are
experimentally excited by means of the so-called phase
imprinting method [5]. In our (small g) 3-mode approx-
imation we model the result of such an excitation as the
product state of the antisymmetric modes Eqs. (7,2). In
the case of a vortex state the situation is different. In-
deed, vortices are created in a rotating (slightly asym-
metric) cylindrical trap after achieving BEC or by cool-
ing down the gas below the condensation temperature
in an already rotating trap. Switching to the frame ro-
tating with the trap one finds a single quantized vortex
as the N -atom ground state that is an eigenstate of the
N -atom Hamiltonian and as such it does not evolve in
time. Eigenstates of a rotating condensate that consists
of small number of atoms has been analyzed recently
in Ref. [12]. It was observed that indeed the ground
state with a vortex reveals a noticeable depletion. This
ground state depletion is stationary, it does not grow in
time. However, vortices created by the phase imprinting
method or subject to suddenly stopped rotation are ex-
pected to reveal much larger quantum depletion which
may appear as greying.
Note added: Quantum depletion in a stationary soli-
tonic state has been predicted recently in [13].
Acknowledgements. The authors thank Diego
Dalvit and Eddy Timmermans for helpful discussions.
J.D. and Z.K. were supported in part by NSA. K.S. ac-
knowledges support of KBN under project 5 P03B 088 21.
[1] M. H. Anderson et al., Science 269, 198 (1995); K. B. Davis
et al., Phys. Rev. Lett. 75, 3969 (1995); for a review see
Bose-Einstein Condensation in Atomic Gases, Proceed-
ings of the International School of Physics “Enrico Fermi”,
edited by M. Inguscio, S. Stringari, and C. Wieman (IOS
Press, Amsterdam, 1999).
[2] L.P. Pitaevskii, Sov. Phys. JETP 13, 451 (1961); E.P.
Gross, Nuovo Cimento 20, 454 (1961); F. Dalfovo et al.,
Rev. Mod. Phys. 71, 463 (1999).
[3] C. Orzel, et al., Science 291, 2386 (2001).
[4] D. A. R. Dalvit, J. Dziarmaga, and R. Onofrio, Phys. Rev.
A 65, 033620 (2002).
[5] S. Burger et al., Phys. Rev. Lett. 83, 5198 (1999).
[6] P. O. Fedichev et al., Phys. Rev. A 60, 3220 (1999);
A. E. Muryshev et al., arXiv:cond-mat/0111506.
[7] A. E. Muryshev et al., Phys. Rev. A 60, R2665 (1999); Th.
Busch and J. R. Anglin, Phys. Rev. Lett. 84, 2298 (2000).
[8] Y. Castin, in Les Houches Session LXXII, Coherent atomic
matter waves 1999, edited by R. Kaiser, C. Westbrook and
F. David, (Springer-Verlag Berlin Heilderberg New York
2001).
[9] K. W. Madison et al., Phys. Rev. Lett. 84, 806 (2000); J.
R. Abo-Shaeer et al., Science 292, 476 (2001).
[10] C.W. Gardiner and P. Zoller, cond-mat/9905087.
[11] J. Dziarmaga and K. Sacha, cond-mat/0202146.
[12] M. A. H. Ahsan et al., Phys. Rev. A 64, 013608 (2001).
[13] C.K. Law et al., cond-mat/0110428.
FIG. 1. The fraction of atoms DGS depleted from the con-
densate in the N-body ground state as a function of the inter-
action strength (N − 1)ax for several values of N = 10, 30, 50
(from top to bottom).
FIG. 2. The depletion from the soliton wave-function
|0, 30, 0〉 of the least depleted eigenstate of Hˆ3 as a function
of (N − 1)ax. The insert shows the density of atoms n(x)
in the dark soliton |0, 30, 0〉 (solid line) and in the eigenstate
(dashed line) at (N − 1)ax = 4.7.
FIG. 3. The contrast C(t) of the evolving soliton for
(N − 1)ax = 1 and N = 20. The contrast will go through
revivals for times later than 40 due to finite Hilbert space of
the considered three mode approximation. The insert shows
densities n(x) of the soliton at t = 10 (solid line) and at t = 30
(dashed line).
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